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Abstract
In this paper, we investigate the four-dimensional Einstein-Gauss-Bonnet black
hole. The thermodynamic variables and equations of state of black holes are ob-
tained in terms of a new parameterization. We discuss a formulation of the van
der Waals equation by studying the effects of the temperature on P −V isotherms.
We show the influence of the Cauchy horizon on the thermodynamic parameters.
We prove by different methods, that the black hole entropy obey area law (plus
logarithmic term that depends on the Gauss-Bonnet coupling α). We propose a
physical meaning for the logarithmic correction to the area law. This work can be
extended to the extremal EGB black hole, in that case, we study the relationship
between compressibility factor, specific heat and the coupling α.
Keywords: Black hole, Entropy, Einstein-Gauss-Bonnet gravity, van derWaals
fluid.
1 Introduction
The study of Einstein-Gauss-Bonnet gravity (EGB) is very important as it offers a more





is a major, higher dimensional generalization of Einstein gravity. Lovelock’s theorem [1],
suggests that Einstein’s general relativity is a theory of gravity that respects various
aspects such as spacetime is 4−dimensional. Recently, Glavan and Lin in Ref. [2],
introduced a general covariant modified theory of gravity in 4−spacetime dimensions
which propagates only the massless graviton and also bypasses Lovelock’s theorem. The
case of 4−dimensional EGB gravity is noteworthy because the Euler-Gauss Bonnet term
becomes a topological invariant, whereby the equations of motion and the gravitational
dynamics are not affected. The intriguing idea of D. Glavan and C. Lin was to multiply
the GB term by the factor 1/(D − 4) before taking the limit D → 4. This technique
offers a new 4D gravitational theory with only two dynamical degrees of freedom [3]. For
example, it might solve the singularity problem of black holes [4]. Indeed, by considering
4D EGB gravity in the static and spherically symmetric black holes, Boulware and Deser
[5, 6] obtained the first black hole solution in the 5D EGB gravity, and since then steady
attentions have been devoted to black hole solutions, including their formation, stability,
and thermodynamics [7]. The shadows of spherically symmetric [8, 9], spinning [10, 11],
and charged EGB black holes in AdS space [12, 13], and other works devoted to novel
4D EGB black holes have been published. However, it was shown in several papers
that perhaps the idea of the limit D −→ 4 is not clearly defined, and several ideas
have been proposed to remedy this inconsistency, as well as the absence of proper action
[14, 15, 16, 17]. There are, indeed, some correct limits or procedures, that can lead to the
same black hole solutions as naive 4D Gauss-Bonnet gravity, and different constructions
were proposed, [18, 19]. In D ≥ 5 spacetime dimensions, BH-solutions were obtained for
vacuum [20], anti-de Sitter (AdS) spaces [21], and attempts to build rotating solutions
have taken place [22, 23] in the context of Einstein Gauss-Bonnet model [24]. This
paper aims to show the influence of the Cauchy horizon by presenting the 4D EGB black
hole solution in terms of new parameterization. We use the unit system where c = GN
= 4πε0 = ~ = kB = 1.
This work is organized as follows. In Section 2, we study the solution for the charged
EGB black hole in maximally symmetric vacuum and for a free photon orbiting around
along a null geodesic. Section 3, discusses the black-hole equation of state and deals with
the thermodynamic parameters, starting with the van der Waals equation to the black
hole first law. In section 4, the discussion is extended to Extremal EGB black hole and
we introduce the compressibility for the extremal case. We conclude in the final section.
2
2 Charged Einstein-Gauss-Bonnet black hole
2.1 Event horizon and Cauchy horizon
Consider now the charged Einstein-Gauss-Bonnet theory in D-dimensions with a negative







R − 2Λ + α




where α is a finite non-vanishing dimensionless Gauss-Bonnet coupling have dimensions
of [length]2, that represent ultraviolet (UV) corrections to Einstein theory, Fµν = ∂µAν−
∂νAµ is the Maxwell tensor and l is the AdS radius and we define the Gauss-Bonnet
invariant as
G = R2 − 4RµνRµν +RµνρσRµνρσ, (2.2)
Λ = −(D − 1) (D − 2)
2l2
, (2.3)
by solving the field equation we use the following spherically symmetric,
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2dΩ2, (2.4)
where dΩ2 = dθ2 + sin2 θdφ2 denotes the line element of the unit 3−sphere. Taking the
limit D −→ 4, we obtain the exact solution in closed form


















where 2M is the Schwarzschild radius. This last solution could be obtained directly from
the derivation done in [26]. The extremal case correspond to f(r+) = 0. In the limit
α −→ 0, we can only recover the Reissner-Nordström-AdS solution. In the limit r −→
∞ with vanishing black hole charge, we asymptotically obtain the GR Schwarzschild
solution. The event horizon in spacetime can be located by solving the metric equation:
f(r) = 0. The solutions show that the event horizon is located at:
r± = M ±
√
M2 −Q2 − α. (2.6)
We notice that the solution behaves like the Reissner-Nordström (RN) solution. The
black hole event horizon is the largest root of the equation above, r+ is the black hole
horizon radius [2]. However, the radius r− represents the Cauchy horizon radius. To
explain the presence of two horizon r±, the mass of black holes can be rewritten as
M2 = Γ +Q2 + α, (2.7)
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where Γ = (r+ − r−)2 /2 ≥ 0, when Γ = 0, we get an extremal EGB black hole. For
a non-charged EGB black hole, we find M = (r+ − r−) /
√
2. When a black hole has a
horizon r+ > r−, the black hole is locally stable. Most papers on EGB black hole do not
indicate the importance of the Cauchy horizon r−. Our aim in this paper is show the
influence of the Cauchy horizon radius r− on the black hole thermodynamics, for that,
it is necessary to study the term Γ.
2.2 Maximally symmetric vacuum solutions
We choose the gauge field, the electric potentials ΦE arising from the black hole charge
Q, at the horizon r+ given by
Aµdx
µ = ΦE (r) dt and ΦE (r) = Q/r. (2.8)
Note that while the scalar field possesses a harmonic time dependence, the gauge and
metric fields are static and the energy-momentum tensor will be static and spherically
symmetric. The event horizon satisfies the inequality r+ ≥ M , which implies ΦE (r+) ≤
ΦE (M). The cosmological constant is considered to be dynamical, giving pressure [27].
We define the pressure [28] of the cosmological constant Eq.(2.3) for D −→ 4




≈ 2 × 1018 [GeV ] ≡ 1. In the limit of vanishing mass and charge one
obtains two AdS solutions with effective cosmological constants. The metric function
can be rewritten as
f(χ) = 1 + χ±
√
(1 + ΦΛ)χ2 − (4ΦG + 2Φ2E)χ, (2.10)
where ΦG = −M/r is the gravitational potential at a distance. On this basis, we intro-
duce a new order parameter
χ(r) = r2/2α (ex: Γ = αχ(r+ − r−)), which makes it easier to calculate the thermody-





When ΦΛ = −1, the vacuum energy becomes zero. Indeed, we notice that ΦΛ = −2/χ(l)
describes the EGB vacuum. Later we will write all the formulas in term of (χ,ΦΛ). For
AdS space, when increasing αΛ we expect that the corresponding ΦΛ should decrease.
We notice that, in the limit α −→ 0 or GR limit (ΦG = ΦE = 0), there exist two vacuum
solutions:









Thus, the f− branch corresponds to the standard solution, whereas the f+ branch reduces
to the ds/AdS with an additional term (2χ(r)). The metric reduce to the Reissner–
Nordström black hole solution. In maximally symmetric vacuum solutions, there are two









If α < 0 the solution is still an AdS space, if α > 0 the solution is a de Sitter space, [4].







these two solutions coincide when ΦΛ = −1. The potential of the cosmological constant
must obey ΦΛ ≥ −1. Therefore, the Gauss-Bonnet coupling develops a minimum αmin =
−3/4Λ at ΦΛmin = −1. In the absence of a cosmological constant or ΦΛ = 0, one obtains
the event horizon of EGB black hole Eq.(2.6).
2.3 Free photon and null geodesics solutions
Next, we analyze the evolution of a free photon orbiting around the equatorial orbit of
the black hole along a null geodesic, by the affine parameter λ. The photon Lagrangian














ν , µ = 0, 1, 2, 3. We
obtain the energy E(= constant) and orbital angular momentum L(= constant) of the
photon, which reads
E = −pt = f(r)ṫ2 and L = pϕ = r2ϕ̇, (2.17)
with pr = ṙ/f(r).The Hamiltonian the moving free photon can be expressed as
H = 2 (pµẋµ − L) = −Eṫ +
ṙ2
f(r)
+ Lϕ̇ = 0. (2.18)
Solving Eqs.(2.17), we easily get the equation of radial motion ṙ2 = −Veff , where the
effective potential in terms of χ-parameterization is
V ±eff/V0 = f(χ)/χ− E2/V0, (2.19)
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where V0 = L
2/2α. We analyse the behaviour of the effective potential vs the parameter
χ plots shown in Fig.1
Figure 1: Figure showing how the effective potential is plotted as a function of χ described
by Eq.(2.19). (a) and (b) denotes the (+) and (-) part of f(χ) Eq.(2.10), respectively.
Parameters are chosen as ΦΛ = 0, 25 and k = (4ΦG + 2Φ
2
E).
When the angular momentum of the free photon gets bigger in comparison to its
energy, the effects of α and Q become weak [12]. The circular unstable photon sphere
satisfies the condition
Veff = ∂χVeff = 0 and ∂
2
χVeff < 0, (2.20)
where ∂χ = ∂/∂χ. It is immediately clear that the radius of the photon sphere rps
can be derived he above conditions by solving ∂χVeff = 0, one immediately obtains
2f(χps) −
√
2αχps∂χf(χps) = 0, where χps = r
2
ps/2α. Secondly, solving Veff = 0 for a






















As an example, if ΦΛ = −1 and 2ΦG = −Φ2E , in the GR limit (α → 0), the radius of the
shadow can be very well approximated by RS ∼
√
2α, that satisfies χ(RS) = 1. Within
this limit, the surface of the shadow becomes
AS ∼ 8πα. (2.22)
To reach a maximum value of the shadow surface, using Eq.(2.6), we find ASmax =
8π (M2 −Q2), which means that for M = Q, we obtain a black hole without shadow. In
the following, we would like to express logarithmic term of EGB entropy by AS.
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3 Thermodynamics of 4D EGB Black hole
3.1 The van der Waals equation
We first compute the mass, temperature and entropy of the EGB black hole [31], in order
to analyse the validity of the second law of black hole thermodynamics. We can express









The temperature of the black hole corresponds to the tangent of the Newton’s potential








+ −Q2 − α
8παr+ ++4πr3+
. (3.2)
One recovers the temperature of the Schwarzschild black hole in the limit of (α = 0, Q = 0 and l−2 = 0),
in which cas T = 1/4πr+ as expected. For Q > 0, T > TSch, where TSch is the tempera-















where χ+ = χ(r+) = A/8πα. We introduce the thermodynamic volume V = (∂M/∂P )S,Q,... =
4πr3+/3. We use the specific volume υ = 2r+l
2
P ≡ 2r+ = 6V/N > 0, where lP =
√
~G/c3 ≡ 1 is the Planck length and N = A/l2P is the number of states associated to
the horizon [32]. Considering the transformations [33], the van der Waals equationcan
be obtained as










The change of the black hole parameters are (Pχ, aχ, bχ). In this case, the equation of






(υ − bχ) = T , (3.5)
where the parameter aχ is the average attraction, which measures the attraction between
particles. The parameter bχ corresponds to the volume of fluid of particles. From the
last equation, by taking Γ = M2 and χ+ ∼ 0, i.e. non-charged EGB black hole, we can
easily recover the ideal gas equation Pχυ = T . We notice that there is an appearance
of term Γ in aχ. If Γ is very low, the attraction between particles will be very large.
One concludes that Γ maps the interacting gas into an ideal gas of point particles. The
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attraction corresponds to aχ > 0 i.e. Γ < M
2. To show the effects of the temperature
on Pχ − υ isotherms of the van der Waals equation of state, we have plotted Fig.2.
Figure 2: Pχ−υ isotherms of the van der Waals equation of state, with fixed parameters
aχ = 0, 5 and bχ = 0, 2 (left) bχ = 0, 02 (right).
For the choice of the transformations
















υ = Tχ. (3.7)
It is interesting that the existence of a first-order phase transition between small and
large black hole corresponding to a liquid and gas phase transition that automatically





Figure 3: Pχ − υ isotherms of the van der Waals equation of state.
We shall now describe the Joule-Thomson effect, which is entirely related to the
difference between a real gas and an ideal gas, especially the attraction and repulsion of








For an ideal gas, µ is always equal to zero. The Joule-Thomson inversion temperature is
the temperature for which the coefficient µ changes sign. It is easy to see that the system
will experience a cooling (heating) process with µ > 0 (µ < 0), caused by the change in





If µχ > 0, which means χ+ > 0 or χ+ < −1, then the gas temperature is below the
inversion temperature. The interval −1 < χ+ < 0, implies that µχ < 0, then the gas
temperature is above the inversion temperature. If we keep the specific volume fixed
and vary the coefficient χ+ near −1or 0, then there is a inversion temperature similar to
that of the phase transition. It can be explicitly verified that the inversion temperature
corresponding to the evolution of the parameter χ+. Consider, for instance Eq.(3.7), it
is immediately clear that µχ = υ > 0. Then the gas temperature is above the inversion
temperature. The important issue that requires attention is the role of χ+ appears in
Eq.(3.5), and not in Eq.(3.7). For that, in what follows we will study only the case




2α and Tχ/T vs χ+.


















this result is similar to that of the van der Waals equation. We imagine a scenario
where the equation above represents a van der Waals equation. For this, one must have
8πα ∼ M2. Then we can impose a new temperature Ta ∝ aχ/4, which leaves only.
Two-parameter equation of state induced by the transformations Eq.(3.4) of Ref.[27],
which is the expression of van der Waals equation for the temperature Ta. The term M
2
can be shown to be a specific volume and Γ can be a new volume excluded. Whereas, in
asymptotic limit 4Pχ ≪ 3ΦΛ8πα , it is then clear that
Γ ∼ M2 − aχ
4Pχ
. (3.11)










Indeed, if we compute N = 0 (black hole without particles), in the limit υ ≪ 2M ,
the ideal gas equation can be done by comparing Eqs.(3.11,3.12), at this point, we
get Tideal ≡ aχ/4M ∼ Pχυ. These results can be generalized to N 6= 0 and without
asymptotic limit. Consequently, Eq.(3.10) take the form of the van der Waals equation.
This analysis, leads us to find, Ta ≡ aχ/4M .
10
3.2 The black hole first law
For EGB-AdS black hole, the mass of a black hole is more appropriately interpreted as
enthalpy H . The black hole first law reads [28]
dM = ΦEdQ+ Adα + TdS + V dP, (3.13)
where A ≡ 4πr2+ is the area of the event horizon of the black hole. The parameters V
and A are the conjugate quantities of the pressure P and GB coupling parameter α,













where A0 is some constant with units of area. An important justification for this new
logarithmic term in Eq.(3.14), came from the Eq.(2.22), on using shadow surface, yields
2πα = AS/4, which means that the logarithmic term (added by EGB gravity) depends
on the shadow of black hole. We can express the EGB black hole entropy in terms of











This investigation reveals a potential relationship between the entropy and the black hole
shadow. These results can be generalized to the entropy of the 4D Hayward-EGB black
hole [35]. Further in the GR limit (α → 0), we get the entropy obeying area law (ex: the
Schwarzschild black hole) [36], the same if A → A0. Eq.(2.7) is based on the fact that,











where ΦE (r+) ≤ ΦE (M). We now turn to determining the the entropy of the resulting
















which turns into the expression of the entropy of 4D EGB black hole Eq.(3.14), when
we fix Pχ and aχ Eq.(3.4): S ∼
∫
dM/T . This means that Γ is a generator of the black
hole entropy. Therefore, since Γ depends on the Cauchy horizon radius, this shows that
r− has a great effect on the thermodynamic parameters.
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4 Extremal EGB black hole
We now describe as examples, the extremal EGB black hole. If we fix P and α and by







= TdS − PdV. (4.1)
Next, we consider that α is fixed. As is well known that, the electric permittivity ǫS =
(∂Q/∂ΦE)S = M is relevant for stability in the grand canonical ensemble. Regarding
this eqaution, we get an extremal black hole solution with degenerate horizon given by
r+ = r− = M =
√
Q2 + α. (4.2)























where A0and χ0 are some constants with units of area. This expression coincides with
the entropy formula in [34] (we have showed this entropy by a different method). P and
α are constant for an extremal black hole. This entropy led the study of black holes as a
thermodynamical system. From Eq.(3.13), we get the equation of state for the extremal





where χ+ = χ(r+) 6= 0. The extremal EGB black hole behaves like an ideal gas if
χ+ = c. To determine the thermodynamic similarity class of different substances we use
compressibility factor Z = Pυ/T > 0 [37] in terms of the specific volume




we analyze in detail the thermodynamics and phase transitions for exact. The black
holes with χ+ < 0, the compressibility factor is Z < 1, this shows that there is a great
interaction between the gas particles. The pressures are lower, the particles are free to
move. In this case, the attractive forces dominate. In GR limits (α = 0): χ+ → ∞,
the compressibility factor is Z = 1, this shows that the gas behaves like an ideal gas.
In this case, Eq.(4.5) represents the equation of state in the horizon. For χ+ > 0, the
compressibility factor is Z > 1, the particles collide more often. This allows the repulsive
12
forces between molecules to have a noticeable effect. It is then clear that the relation
between Z and α is expressed as Z − 1 = 2α/r2+, this means that the parameter α
increased the repulsion between the particles. Therefore, this α maps the ideal gas into











The thermodynamical systems is the locally stable if C > 0 (or χ+ > −3), and is
unstable if C < 0 (or χ+ < −3). Making use of the explicit case χ+ > −3, signifies
that the extremal black holes are thermodynamically stable against perturbations in the
region. For a thermodynamical systems, The behaviour of specific heat leads to find the
regions of local and global stability of the 4D extremal EGB black hole. The diverging
specific heat from C < 0 to C > 0, implies the existence of second-order phase transition
[35].
5 Conclusion
First, we have considered the four-dimensional charged Einstein-Gauss-Bonnet theory.
We also showed that the thermodynamic processes of black holes in AdS, can be modeled
by the parameter χ+. The Joule-Thomson effect is entirely related to the difference
between a real and an ideal gas, especially the attraction and repulsion of the van der
Waals forces. To study the influence of the Cauchy horizon radius, we have introduced
the parameter Γ, which depends at the same time on the Cauchy horizon radius and the
event horizon radius. In other words, the term Γ maps the interacting gas into an ideal
gas of point particles. It makes the attraction decrease between particles. The results
showed that all the thermodynamic quantities depend on the GB coupling parameter.
The coexistence curve in the Pχ − υ diagram was shown, which is similar to the van
der Waals fluid. After considering the GR limit for the evolution of a free photon
orbiting along a null geodesic, we found the shadow surface. They satisfy the simple
relation AS ∼ 8πα. Hence, we have obtained a relationship between the shadow surface
and the black hole entropy. Finally, we investigated 4D extremal EGB black hole as a
working substance and studied the entropy, the equation of state, compressibility and
the diverging specific heat.
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